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Square Eigenfunction Approach to the
Hamiltonian Structure for a New Hierarchy
of Nonlinear Equations
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We deduce the symplectic form for the Hamiltonian structure of a new class of
nonlinear equations with the help of square eigenfunctions associated with the
corresponding linear problem. The method actually yields two pieces of informa-
tion simultaneously. One is the structure of the square eigenfunctions, which is
of prime importance in the study of the inverse problem. The other is the form
of the symplectic structure fixing up the canonical Poisson bracket relation.
Finally we discuss some reductions of the initial system and the corresponding
change of the Hamiltonian structure and the form of the square eigenfunction.

1. INTRODUCTION

After the pioneering paper of Ablowitz et al. (1974) (AKNS), it was
felt that one of the most important objects associated with any inverse
problem is the square eigenfunction constructed out of the solutions of the
Lax equations and the eigenvalue problem satisfied by these eigenfunctions
themselves. Incidentally, the construction of square eigenfunctions (SG) is
not at all a trivial problem. Except in the simplest AKNS problem, it usually
requires much tricky manipulation to obtain the eigenvalue equation of SG.
Even in some cases some dependence on the nonlinear field variables or
eigenvalue A are to be assumed. It may be recalled that there exist at present
two distinct procedures for arriving at the Hamiltonian structure. One is
the method of recurrence relations advocated by the Italian school (Boiti
et al., 1982, 1984; Tu, 1982) and the other is that of square eigenfunctions
(Newell, 1979). While the former method can lead to a final result with less
labor, the latter, though a bit elaborate, gives crucial information about the
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form and equation of square eigenfunctions, which is really a basic
ingredient in the process of inverse scattering transform. In this paper we
consider a singular (in the A plane) Lax equation,

_ 0 ‘I1> i (qs 114)
= iAoy + +- 1
2 iAosy (q2 0 ¥ A\a a0 ¥ (1)

and the hierarchy of equations associated with it. We then deduce the form
of square eigenfunction and the equation satisfied by such SGs. If we now
couple a suitable time evolution of i, then the linear evolution of the
scattering data is seen to be mapped on the required Hamiltonian flows.
In the course of our derivation we digress to show how one can deduce the
form of the square eigenfunctions for the Kaup-Newell problem and derive
the corresponding Hamiltonian form, as this problem has not been discussed
in this methodology in the literature.

2. FORMULATION

Though our main aim is to study the spectral problem noted above,
we first consider the Kaup-Newell (1978) problem, whose Hamiltonian
structure was discussed long before by Sasaki (1980) in the recurrence
formalism. Here we show first how to obtain the form of the square
eigenfunction and deduce the same result. The nontriviality of these results
becomes quite evident when one looks into the derivation of Kaup (1984)
for the square eigenfunctions in the case of the sine-Gordon equation in
laboratory coordinates.

The Kaup-Newell spectral problem is written as

¢, =iA2Ad+ AN (2)

(10 w0

It is now customary to define the Jost functions with the help of the
asymptotic conditions

. .f]) ir2 (1) . (gl) _ia2 (0)
lim ( e = R lim : e "= (3)
X——00 f2 0 X —>+00 g2 1

With r= +g* and a suitable time evolution of ¢ we can arrive at the
derivative nonlinear Schrodinger equation. Let us now start from (2) and
write it in component form,

where

O = —iA v, + Aqu, @)

Uy = ArUl + i/\zvz
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From equations (4) we deduce

Avi= —51 (v3).+ i}\z(r J ritr qu%)

i . ,
sz?=5(v?)x—m2(q J rvi+q J qv%)
under the asymptotically vanishing condition for the potentials. Finally, we
get (with D =3/4x)

. . 2 2

[-—D+ijrD ~1q.frD ](vl) =2i/\2(v,) )
~ir [ rD D+ir gD J\v3 v3

which is the spectral problem satisfied by the square eigenfunction (v}, v3)”.

Since the space part of the Lax pair alone cannot specify the equation under

consideration, let us consider the time variation of the scattering data. We

follow the usual nomenclature in writing the S-matrix as

(i )

(4a)

S=

It is then easy to observe that

ff +oo
da=A ] (8q ¢poth>~ 8r ) dx
8b=A (_5Q¢2*/72+5r¢1'/71) dx
~"+oo (6)
sb=2 (8q¢;2¢2_5r$l¢’1) dx
da=A ('—Sq(;Zd;Z—}'ard;ld;l) dx

Let us assume that the time evolution of ¢ is written as
¢ = Qo (7)
with
0= <A3A(Aq) B(Aq) )
C(rq) —A*A(rg)

Following Ablowitz, we can now write the compatibility condition between
(7) and (2) as

S, = A®7'N,® (8)
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where Q = ®S® . Integration of (8) leads to

“+00

S§=8(—0)+2A J (®~'N,®) dx 9)
Now, from the definition of S we get, for all (x, 1),

_)‘3_/}4329{’1 - B<§2¢1 —A314¢§2¢31 '_sz_é
+Ch ) —A’Ad 1,  +Cdi— 1’ Ad.d,

S= - — 10
NAdrpi+Bo:  A’Adadi+ B 1o
—C¢%+A3A¢1¢2 _C¢1¢|+/\3A¢1¢2
On the other hand, if, for x> —o, B, C -0 and Z(A, q) > A(A), then
N3 1 0)
S(—00)= A A(A)(O _1
(11)

aa—bb 2ab )

S(#e)= )‘SA( 2ab  —(ad—bb)

So if we now write out equation (8) in full, we get

+00

AA(A)(aa+bb—1) =A2J (—qprp+ 11 by) dx (12a)

A3A(A)265=A2J (—q 3+ rdl)dx (12b)
APA(A)2ab=A? I ) (q.d3— 1) dx (12¢)

We now consider (12c) and observe from equations (4) and (4a) that

Aab = J (é qx¢§—5’ xdﬁ) dx (13)

—00

So we immediately arrive at

J_ {(¢§,¢%)(_"j)—A(A)(¢%,¢%)(_";‘)}dx=o

Ij:(¢§,¢f)[(_‘_];>—A(A)D(:]r)] dx=0 (14)

or
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which at once implies [under the assumption of analytic character of A(A)]
that
(q'>+iD-A($)(_q>=0 (15)
—-r, r

°(g_(~D+iq_[rD —ig | rD >
—ir [ rD D+ir [gD
It is interesting to note that if we take A(A)= A, (15) reduces to
iqr——qxx_i_i(q*qz)x =0 (16)
so that (15) yields the symplectic form, if we express A(ZL)(7?) as the
variational derivatives of some conserved polynomials H;(q, r), which can

be considered to be Hamiltonians. In fact, this point has been deduced in
Sasaki (1980) and we do not reproduce it here; our main goal was to obtain

the symplectic operator
(o )
ax\0 1

from the considerations of square eigenfunctions.

with

3. A SPECTRAL PROBLEM WITH A SINGULARITY AT
A=0; A NEW HIERARCHY OF EQUATIONS

In this section we consider a new class of nonlinear equations that can
be obtained from the spectral problem noted in equation (1). Written in
component form, equation (1) reads

_ i i
Uix = TiAO = st a2t it
(17)

) i i
Uax = IAD; == qs02+ Ty T Uit
It is not difficult to see that the following two equations hold due to (17):
i 2 . 2 . 2
E(Ul)x““h j q:0,— 14, J‘ q,03

+"i‘ %I (‘hvg+ Q2U%+—i qsvf+—i qw%)
A A A

i i i
+quv?+;\~q1 J qsv%+xq1 J gav3= A0} (18)
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i , .
-E(vi)xﬂqz _[ q,v3+iq, I 4.03

——iq J<q vi+q v2+—iq vz+~i-q vz)+—iq v3
A 5 2¥1 1v2 A 5V1 A av2 A 32

i i :
_X ‘Izj ‘I5U%"X ‘hj ¢I4U§=)\U§ (19)
from which one can immediaately infer

[$—A]®=O\ (20)

where O is the square eigenfunction vector defined as
@)= [¢§, é3,200"! J (q163+ q201+ir 7 qudb3
t
+id7'gsd?), AT 93, iA“’d»%] (21)
and % is a 5x 5 matrix written as

—sio tig f g1 ig:{ g Sigs  igy | qa—igs iq; | gs
iq I 91 "%3x“ iq .“ 9 ‘%i614 ~ig, j 9. —iq, j. qs—iq;

£= 2ifq, 2ifq, 0 2ifq, 2ifgs  {(22)
i 0 0 0 0
0 i 0 0 0

From equation (22) it can be noted that the square eigenfunctions defined
depend on the nonlinear field variables and also the spectral parameter, as
in Boiti et al (1982, 1984) and Tu (1982).
Now, to reproduce a class of nonlinear equations we must specify a
time evolution along with (20). Let us put, as in (11),
. AA(A)  B()) >
vi=Qv  with Q < C(x) —A2A(N)
If we write equation (1) as
Wy = ~ iAoy + Np+ il 7' My

with

N=(O q1>’ M=(q3 44) (23)
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then proceeding as usual, we deduce
S, =® N, +irA"'M,)®
where Q =®S® . So, integrating (24), we get

S=8(—0)+ J O YN, +iA "M, dx

Now, if the fields tend to zero asymptotically, then

1 0
S(—oo)=,\A(0 _1)

aa— bb 2ab
S(+00) = )
(+20) AA[ 2ab ~(aa—bb)]

On the other hand, we have

J DTN, +iAT'M)D dx = J ["‘“ “‘2] dx

Qi Qg
where
ay=—iA"gy by — (g, + A T qu) Gr
+(gotiN ') a1 — X T g5 b1,
U2 = “i)\_1‘I3r‘52‘51"(‘11r+i)i‘lq‘tx)(;%
(g +ir ' gs) 1~ i T g5 616
a2 = i/\_1q3,¢2¢,+(q1,+i/\_1q4,)¢§
(g +ir7'gs)pitiA T g5, 1,
an=ir""qs, 21+ (g, +iA 7 qu) b2,
(gt idT'gs )11 +id T gy 1 &,
which, when used in (25), leads to

AA(A)(aa—bb—1)

= J (qub2002+ G2, P1b1 — iA" gy,

X ($2¢1 + ‘131(!52) + i)\_lqmd;zdh‘*‘ i7'gs,1p,) dx
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(25)

(26)

(27)

(28)
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AA(A)235 = j (=Bt o= 20" 45,11

~iA T g3+ ir " gs, b)) dx

(29)
AA(A)2ab = j (q1:®3— Guip: +2iA " g3, 102
+id gy p3— A T gs, b7) dx
Now, from the x part of the Lax pair, we can prove
L2 i i i
Aab = J [lqsdn + lq4¢§+5 PRCHE + qzqs¢¥+-; (9294~ qxqs)]
i i
X J (‘hd’%"‘ Chd’%'*")\‘ %d’%"‘x %‘f’%)
L (it s s
2Q1 2% I\ q19:3P>
. . i . ,
= | | a3 x> 15— oo “5(q2q4_q1q5), —ig,qs, —ig:q; ||O)
=(n|0) (30)

Furthermore, we have

19, 0 0 i 0 q:
0 -3, O 0 illa
=10 0 0 —ig iq||a|=Jg Gcay G
0 0 —ig, O
So, combining equations (30), (31), and the last equation of (29), we get
) +27Q(EM gy =0 (32)

where (1) is any analytic function of the spectral parameter A. Equation
(32) actually represents the hierarchy of nonlinear equations generated by
our spectral problem.

4. VARIATIONAL EQUATIONS AND
HAMILTONIAN STRUCTURE

In this section we want to prove that the quantities ¥"|q) are nothing
but variational derivatives of some conserved quantities. From the basic
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definition of the scattering matrix and the formulas for the variation of the

parameter, we deduce

610ga=M
J[m 15 (¢ Wy 92_‘1’1)
a
+(8q,+ir~ lﬁqz)(¢2¢2) —(8gy+ir~ 15q5)(¢1¢'>]
If we use

b= J' dx (q21¢ + 511052‘//2‘*")\1“ qsd14, +Xl Q4¢2l//2>

then we get
8
;a J‘ [ZIA 18q3J‘( ¢¢‘ %%‘f—z
i i i M)
A Aa A a
+(8g,+ir '8 2)<¢2¢2)
—(8g,+ir~ 8q5)( l/’)}
a
Set

,K3=[@wz ¢¢12A J<%9ﬁg+%ggg
a a a

+1%ﬁﬂ+' %%>A1¢Mz.4ﬁﬂ]
A Aa)t a A a

so that from (35) we can infer
grad g,(In a) = A|K)

where

(33)

(34)

(35)

(36)

(37)
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Now, proceeding as in the case of square eigenfunctions, we have

LIK)=A|K)+ yF(q)+y'(A)F(q)

F(9)=(q,4,0,0,0,0)" (38)
F(q)=(0s03 03 44, ‘15)T
0 i 00 O 00 0 0 -A!
|-i 000 0} a0 0 0 a0 39)
Y o o000l VMoo it 0o o
0 000 0 00 0 0 0

Now under the assumption of analyticity we set
K=7Y A "K,
n=1
which, when plugged into (38), yields
K,=L""K,~L"F'(q) (40)
Now we define the Hamiltonian as
=—iA+idA7 g+ (g +irA T g)va/ v, (41)
But from the Lax equation we know that y = v,/v, satisfies the Riccati
equation
2 i i, ,
V=20 == Gyt qsT 2= 4y —q1y (42)
A A A
Expanding

y=xA"y,;, H=Y A"H,; a=Y\7"I, (43)
0 n=1 4]

we get from (37), (41), and (42)

gradgq;- I,=L"K,—L""'F'(q) (44)
Finally we arrive at
5
q=J—H (45)
Su

giving the Hamiltonian structure of the said hierarchy of equations with J
as the simplectic structure and |®) as the basic square eigenfunction.

0125
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5. REDUCTION OF THE SYSTEM

In many physical situations it often occurs that the dependent set of
variables are not all independent, but are constrained by some algebraic
relations and so the actual number of nonlinear variables is reduced. It also
happens that the nonlinearity increases due to such reductions. Here we
show how such a constraint affects the structure of the square eigenfunction,
their operator, and hence the Hamiltonian structure.

Let us again consider the spectral problem (1) and introduce the
condition

g3+ qags= Y (46)

where v is constant both in space and time. The constraint equation (46)
leads to

s
257 2g5
Substituting in the last equation of (29), we get

AA(A)2ab = J [q“d’%_ Gudi+2i0 7 <“2q_5 Ga; __::1_4 q5r> 10>
qs =4

+iA"lq4,¢§—if\*lqa¢>?] dx (47)
which can be written as
= J (o] g dx (48)

where (| is the square eigenfunction of the reduced set defined by

<0|=(¢§s ¢%,x15x2) (49)

D12 o d i i
xi=i"'gi—ir ‘jj<q1¢%+qz¢%+;qs¢%+xq4¢%)
3

o 1 4 i i
x2= AP+ i ‘q—“‘[(q1¢§+qz¢?+xqsqﬁ-*rxqw&%)
3

with

2
41

—qSI

I‘I>R =
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Using this condition in equations (18) and (19), we obtain

i . . L
“5 D+iq,1q, igy1q, —igy+iq,lq,
i . .
—ig;Iq, ED— iq,Iq, ~ig, Iq,
=
i-i% g, LLY . -i% g,
g3 3 93
iﬂh]l i+iﬂ1q2 iﬂ Iq,
L q3 UE] 3
along with
(£L=A)|ey=0

iqy1gs -
—ig —ig,Iq,
(50)
_iﬁ 1q5
93
iﬂ Ig,
g3 i
(50)

To obtain the time evolution, we can again evaluate Aab from the asymptotic

values of ¢, ¢, i, ¥, which yields

Aab= J (D102)x
= J [i‘Is¢%+ i‘14¢%+5i ‘b((b%)x

i i i
+ ‘I2‘13¢%_'2‘ g:(¢3)x + 4:9:63

i i i
+x (9294— 0:95) j (Q1¢§+Q2¢%+x ‘hd’%""‘x 4405%)]

=J (nlo) dx

with

(n|=(iga+3iq1x, igs —3iqsx, —iq2G3, —ig293)

and since we can write

|7l>=N|q>R
where
iD 0 i 0
N (,) -3D 0 i ’
—ig, 0 00
0 —igs; 0 O

the hierarchy of equations is given by
|gr) +2NQ(L")|gr) =0

|‘1>R =
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Proceeding as before, one can again prove that £"|q)r are variational
derivatives of some Hamiltonian and so the reduced hierarchy is a set of
nonlinear equations that is Hamiltonian with the symplectic structure deter-
mined by N. At this point it will be interesting to note that the whole set
of equations is changed if the time evolution is prescribed in a different
manner. If the time part is governed by the i/A term, then the new set of
equations is given by

|gr) +2J"Q(L™)|g)r =0

with
0 0 i/ qs 0
]// _ O 0 0 l/ q3
—i 0 -3iDi/q, 0
0 0 0 3Di/ gy

so that in each case one can generate the symplectic form J”, N, etc., very
easily from the construction of the square eigenfunctions and also it is not
difficult to connect it to the variational derivatives of some conserved
quantities with respect to the fields. As an example of equations generated,
we observe that for n =1 in equation (32) we get

g, =q1x+2q,

g2, = G2x — 245
iq3= 4195~ 4244
iqs = —2¢193
igs: =2424;

which is the same set of equations as obtained by Boiti et al. (1982, 1984).

6. CONCLUSION

We have shown how to construct the square eigenfunctions in the case
of a Lax operator other than that of the simplest AKNS form. These
eigenfunctions play a pivotal role in the main theme of the inverse scattering
transform. Our approach also serves to obtain the symplectic structure in
relation to the Hamiltonian form. We have also deduced the symplectic
form in the case of the Kaup-Newell problem as a prototype example. In
all other cases these eigenfunctions have a complicated dependence on the
nonlinear field variables and the spectral parameter. We have reproduced
the same set of equations as in Boiti et al. (1982, 1984) and Tu (1982), but
our approach has extra information regarding the structure of the square
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eigenfunctions. A few years back it was shown by Fokes et al. (1982) that
this square eigenfunction can even be used to obtain the hereditary operator
for the LB symmetries. Work in this direction is in progress and will be
reported elsewhere.

ACKNOWLEDGMENT

One of the authors (S.R.) is grateful to the government of India (DST)
for support.

REFERENCES

Ablowitz, M., Kaup, D., Newell, A., and Segur, A. (1974). Studies in Applied Mathematics,
53, 249.

Boiti, M., Pempinelli, F., and Tu, G. Z. Preprint UL-DF-10-81/82 Leece.

Boiti, M., Pempinelli, F., and Tu, G. Z. (1984). Nuovo Cimento, 79B, 231.

Fokas, A. (1982). Journal of Mathematical Physics, 23, 1066.

Kaup, D. J,, and Newell, A. C. (1978). Journal of Mathematical Physics, 19, 798.

Kaup, D. J. (1984). Journal of Mathematical Physics, 25, 2467.

Newell, A. C. (1979). Proceedings of Royal Society of London, 365A, 283.

Sasaki, R. (1980). Canonical structure of soliton equation IV, NBI-HE-80-32.

Tu, G. Z. (1982). Nuovo Cimento. A simple approach to Hamiltonian structure of soliton
equations.



